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Abstract
We show that the Casimir force and energy are modified in the κ-deformed space-time. This
is analysed by solving the Green’s function corresponding to κ-deformed scalar field equation in
presence of two parallel plates, modelled by δ-function potentials. Exploiting the relation between
energy-momentum tensor and Green’s’s function, we calculate the correction to Casimir force, valid
upto second order in the deformation parameter. The Casimir force is shown to get corrections
which scale as L−4 and L−6 and both these types of corrections produce attractive forces. Using the
measured value of Casimir force, we show that the deformation parameter should be below 10−23m.
Keywords : Casimir effect, κ-space-time .
PACS Nos. : 11.10.Nx, 02.40.Gh
1 Introduction
The nature of gravitational force is not yet known at microscopic scales irrespective of the fact that it is
one of the oldest known forces. Attempts to understand working of gravity at extremely short distance
scales are naturally one of the most active areas of research. Various approaches, based on different
paradigms are being pursued for many years now to understand quantum theory of gravity. String
theory, loop gravity, causal dynamical triangulations, emergent gravity, assymptotically safe models,
non-commutative geometry[1, 2, 3, 4, 5, 6, 7] etc are some of these approaches. Many of these methods
have some common features and introduction of a fundamental length scale below which quantum effects
of gravity is prominent, is one of them[2, 3]. Thus incorporating a fundamental length scale in models
of quantum gravity is essential and non-commutative geometry provides an elegant way to do this[2, 3].
Non-commutative geometry also appear in the low energy limits of string theory, loop gravity etc.
Two different types of non-commutative space-times[7] that have been studied extensively are Moyal
space-time[8] and κ-deformed space-time[9]. In the former, the commutator between space-time coordi-
nates are constants while in the later the commutator between time and space coordinates are propor-
tional to the space coordinates themself. Field theory models on these space-time have been constructed
and studied with various motivations[8].
Existence of a fundamental length scale in models of microscopic theory of gravity necessitated the
modification of principle of relativity and this lead to the formulation of deformed special relativity[10].
The space-time associated with deformed special relativity is shown to be the κ-deformed space-time[11].
The inherent features of quantum theories on non-commutative space-times are non-locality, non-
linearity and introduction of a length parameter. There have been many studies to analyse the effect
of this fundamental length scale and its possible signals[12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. It is
also known that the symmetries of these models are realised as Hopf algebras[22, 23, 24, 25] and their
quantisation rules are non-trivial. Thus it is of intrinsic interest to study the implications of minimal
∗harisp@uohyd.ernet.in
†sumanpanja19@gmail.com
‡vishnurajagopal.anayath@gmail.com
1
length (introduced through the space-time non-commutativity) and that of modified quantisation rules
in physical phenomena. Introduction of minimal length scale also leads to modification of commutation
relations between coordinates and momenta and this results in generalised uncertainty principle(GUP).
Non-commutativity is also known to result changes in the energy-momentum relations. Various impli-
cations of these modifications have been studied[12, 13, 14, 15, 16, 17, 18, 19, 20, 21] .
One of the well studied phenomena where the length scale play an important role is the Casimir
effect[26]. It has been known that two conducting plates kept parallel, separated by very small distance,
do attract each other. This force is known to arise due to the vacuum fluctuations of the quantised fields.
This phenomenon has been studied for various other geometrical configurations such as conducting
sphere and plate etc[26].
Casimir force has been investigated experimentally with great accuracy and at present it has been
measured for separations of the plates of the order of few micrometers[27]. These results have been used
to obtain constraints on the corrections to Newtonian gravity[28].
Though the length scales at which measurements of Casimir effect are made at present and quantum
gravity effects are expected to be important are very different, it is worth studying the possible modifi-
cation of Casimir effect due to space-time non-commutativity. Many results in this direction have been
reported in recent times. Effects of minimal length, GUP and modified dispersion relations on Casimir
force and corresponding energy have been investigated by various authors[29, 30, 31, 32, 33, 34, 35, 36,
37].
Generalised commutation relations between coordinates and momenta as well as those between co-
ordinates among themselves have been studied in the context of quantum gravity and they are known to
be related to generalised uncertainty relations and minimal length scale. These coordinates are realised
in terms of usual coordinates, momenta and parameter(s) characterising the modified commutation re-
lations. Further, it was shown that the maximally localised state corresponding to these operators are
different from the plane waves, yet they are normalisable[29, 30]. The GUPs have been shown to lead
to non-trivial measure in momentum space. The modification brought in by these changes to different
physical models have been analysed. In [29], the correction to Casimir effect between parallel plates was
analysed. In this work, expanding the quantised Maxwell field in terms of maximally localised state, it
was shown that the commutation relations between the creation and annihilation operators are modi-
fied. This results in the change in the energy spectrum and in particular, changes the zero-point energy.
This zero-point energy was used to find the correction to Casimir energy and force. This correction
due to minimal length can be attractive or repulsive, depending on the value of the minimal length[29].
Note that, in[29] it was shown that the zero-point energy of free Maxwell field itself is modified due
to the minimal length scale. The entire effect of minimal length is introduced through the maximally
localised states, which in turn, results in the modified oscillator algebra.
In[31], for a specific GUP, for the case of Casmir-Polder interaction, using the approach of [29, 30],
force between parallel plates was calculated. Treating the correction to interaction potential between
neutral atoms(of the plates), i.e., between the electric dipole moments of these atoms with electric
field, perturbatively, correction to Casimir energy was calculated. This was done for atoms/molecules
separated by short/large distances. The modification in the force between parallel plates were calculated
by these authors. The corrections in 3-dimensional space were seen to be scaling as L−7 and L−9, where
L is the separation between the plates, respectively. Here the correction terms all were seen to be
attractive for both short/long distances. This method of using maximally localised states have been
applied to many different possible GUPs and the Casimir effect for these cases were calculated in[32].
Here too, correction was found to be attractive. In this case, the correction due to minimal length
was shown to be scaled as L−5. For generic dispersion relations which are analytical, the correction to
Casimir force was calculated in[33]. The dependence of Casimir force for these dispersion relations on
minimal length was also investigated in [33].
Casimir force between two parallel plates in the Moyal space-time was studied in [34, 35]. The
coordinates of Moyal space-time satisfies
[xµ, xν ] = iθµν (1.1)
where θµν is a constant Lorentz tensor. The non-commutativity of the space-time introduces difficulties
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in implementing boundary conditions as the space-time points does not have any well defined meaning
in non-commutative space-time. Imposing boundary conditions play a very important role in the cal-
culation of Casimir effect and thus its calculation in non-commutative space-time has to be done with
care. In [34], for even dimensional Moyal space-time, using a coherent state approach[36] and smeared
boundary condition, Casimir force between two parallel plates was calculated. In the coherent state
approach, the non-commutative plane waves are mapped to the usual plane waves with an additional
damping factor which depends quadratically on momenta.
It is known that the quadratic part of the action in Moyal space-time is same as that in the commu-
tative space-time[8] and the effects of non-commutativity appear only through the interactions. Thus
the vacuum fluctuations relevant for Casimir effect is independent of non-commutative parameter in the
Moyal space-time[35]. But for Casimir effect with circular boundary conditions, the interaction term is
non-trivial and Casimir effect is modified in Moyal space-time and this was calculated in[35].
In [37], Casimir effect in the κ-space-time was calculated using a specific form of κ-deformed scalar
theory[24]. κ-space-time is one where the commutator of time coordinate with space coordinates are
proportional to space coordinates, while the commutator between space coordinates vanishes,i.e., they
obey
[x0, xi] = axi, [xi, xj ] = 0, a =
1
κ
. (1.2)
The κ-deformed Lagrangian has derivatives to all higher orders up to infinity. Thus definition of
conjugate momentum is not straight forward as in the commutative theory. In the approach used in
[37], the conjugate momentum used is not unique. The issue is addressed by calculating the expression
for energy corresponding to the scalar theory without using explicit form of conjugate momentum. This
is achieved by modifying the integration measure in the momentum space. This modification allows one
to have same commutation relations between the creation and annihilation operator appearing in the
quantised field, but the equal time commutator between fields is now become non-vanishing. Using thus
obtained quantised energy of the field and treating deformed electromagnetic theory to be equivalent
to scalar theory with two polarisations, vacuum energy of the κ-deformed Maxwell field is calculated.
Using this, Casimir energy is calculated where the boundary conditions imposed are same as the ones
in commutative space-time. Casimir energy is shown to scale as L−3 in this case[37].
For 1 + 1 dimension, in commutative case, Casimir effect for two parallel plates, has been rederived
by considering two δ-function potentials [38], which imply that the parallel plates are at x = 0 and
x = L, respectively. Casimir Force has been calculated on plate at x = L, by using discontinuity of
stress tensor. For the massless case, xx component of stress tensor has been calculated at a point, just
left of the plate at x = L i.e Tˆ xx
∣∣∣∣
x=L−
and at another point, just of right of the plate at x = L i.e
Tˆ xx
∣∣∣∣
x=L+
.Then the force acting on the plate at x = L, due to quantum fluctuations, has been derived
by taking difference between vacuum expectation value of these stress tensors using strong coupling of
δ-function potentials as,
Fˆ =< Tˆ xx >
∣∣∣∣
x=L−
− < Tˆ xx >
∣∣∣∣
x=L+
. (1.3)
The difference in the vacuum expectation value of Tˆαµxx′ at x and x
′ can be expressed in terms of time
ordered product of fields at x and x′ as,
Tˆαµxx′ = Oˆ
αµ(∂, ∂′)T (φ(x), φ(x′)), (1.4)
where Oˆαµ(∂, ∂′) stands for a combination of operators, which acts on time ordered product of fields
at nearby points. Since time ordered product of fields at x and x′ is given by Green’s function, the
eqn(1.3) becomes
Fˆ = −iOˆxx
′
(∂, ∂′)G(x, x′) (1.5)
To calculate G(x, x′) in different regions, Euler-Lagrangian equation of scalar field theory with interac-
tion part is solved with Drichlet boundary condition. Thus boundary condition plays a significant role
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in the calculation of Casimir Force. Then Casimir energy is calculated by integrating the Casimir force
over the length between two parallel plates, taken to be infinitely separated, i.e.,
Eˆλ,λ′→∞ = −
∫ ∞
0
dxFˆλ,λ′→∞. (1.6)
Here λ and λ′ are coupling constants, λ, λ′ →∞ indicate the strong coupling limit.
In this paper, we calculate the Casimir force and energy between two parallel plates by analysing the
κ-deformed Klein-Gordon theory. In our approach, we start with the Klein-Gordon Lagrangian which
is invariant under the action of undeformed κ-Poincare algebra[39]. This Lagrangian is written in terms
of field defined in the commutative space-time and this allows us to use calculational tools of usual
field theory in deriving effect of vacuum fluctuations. After calculating the energy-momentum tensor
corresponding to κ-deformed scalar theory in 1 + 1 dimensions, we derive the corresponding Casimir
force and energy.
We use the same boundary conditions as commutative case as κ-deformed Klein-Gordon equation is
written in commutative space-time. Using these boundary conditions and κ- deformed Euler-Lagrangian
equation for scalar field theory, we have calculated Green’s function solution valid upto order a2, in
different regions. Using equation (1.5), we have calculated time ordered product of fields at nearby
points. Then using higher order derivative theory, we have calculated energy momentum tensor Tˆαµ,
with dependence on κ-deformation parameter, upto first non vanishing term i.e., a2, from κ- deformed
Lagrangian. We symmetrised energy-momentum expression and obtained vacuum expectation value of
energy momentum tensor in the form,
Tˆαµxx′ = Oˆ
αµ(∂, ∂′)T (φ(x), φ(x′)). (1.7)
Here Oˆαµ(∂, ∂′) and T (φ(x), φ(x′)) both depend on κ-deformation parameter a. Using above relation,
in same way as commutative case, we have derived difference of stress tensor at left of the plate and
right of the plate at, x = L and calculated the Casimir force.
2 κ-deformed Lagrangian for scalar field
The coordinates of κ-deformed space-time obey the Lie-algebra type commutation relations given by
[xˆi, xˆj ] = 0, [xˆ0, xˆi] = iaxˆi, (2.1)
where the deformation in parameter a has the dimension of length. Dirac derivative, that transform as
a four vector under the undeformed κ-Poincare algebra,[39] is given by
Di = ∂i
e−A
ϕ
, D0 = ∂0
sinhA
A
− ia∂2i
e−A
2ϕ2
. (2.2)
The corresponding quadratic Casimir of the undeformed κ-Poincare algebra is DµD
µ and given by
DµD
µ = 
(
1 +
a2
4

)
, (2.3)
where  is given
 = ∂2i
e−A
ϕ2
+ 2∂20
(1− coshA)
A2
, (2.4)
with A = ap0.
The corresponding κ-deformed disperson relation is,
−p2i +
4
a2
sinh2
(ap0
2
)
+
a2
4
[
− p2i + 4sinh
2
(ap0
2
)]2
= 0 (2.5)
Thus the generalized massless Klein-Gordan equation on κ-deformed space-time takes the form

(
1 +
a2
4

)
φ(x) = 0. (2.6)
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Now we write down the κ-deformed real scalar field Lagrangian as function of A, where A = ap0. In
terms of Dirac derivatives, Lagrangian is
L0 = −
1
2
φDµD
µφ. (2.7)
By choosing ϕ, we can obtain different realisations of κ-deformed Lagrangian. In this paper we have
chosen ϕ = e−
A
2 .To study Casimir effect between two parallel plates, one introduces these plates
through their interaction with fields. This interaction of the two parallel plates kept in the vacuum at
x = 0 and x = L is described by an interaction Lagrangian, which is given as
Lint = −
λ
2L
φ2δ(x)−
λ′
2L
φ2δ(x− L). (2.8)
Thus the total Lagrangian is written as
L = L0 + Lint = −
1
2
φD0D
0φ−
1
2
φDiD
iφ+ Lint. (2.9)
Using Dirac derivative given in Eq.(2.2) we expand the above Lagrangian and keep upto first non
vanishing terms in a. Here we consider the deformed Lagrangian in 1 + 1 dimension given by,
L =
1
2
∂mφ∂mφ−
1
2
∂0φ∂0φ−
a2
8
∂mφ∂m∂0∂0φ+
a2
8
∂m∂0φ∂m∂0φ+
a2
6
∂0φ∂0∂0∂0φ−
a2
8
∂m∂mφ∂m∂mφ+Lint.
(2.10)
Note that the interaction part is same as that in the commutative case and is given in eq.(2.8). This
is possible since Lagrangian in Eq.(2.10) is written in terms of commutative variables. Thus by using
κ-deformed Lagrangian written in terms of commutative variables, we avoid issues related to implimen-
tation of boundary condition in non-commutative space-time.
3 κ-deformed Casimir effect
In this section we obtain the vacuum expectation value of the deformed stress tensor, valid upto first
nonvanishing term in a i.e a2. Using this, we obtain the deformed Casimir force and deformed Casimir
energy valid upto a2, in both 1 + 1 and 3 + 1 dimension, separately.
The Euler-Lagrangian equation following from the above Lagrangian in Eq.(2.10) is given by
(
∂2i − ∂
2
0 +
a2
3
∂40 +
a2
4
∂4i −
a2
2
∂2i ∂
2
0 +
λ
L
δ(x) +
λ′
L
δ(x − L)
)
φ(x) = 0. (3.1)
We solve this equation using perturbative method and thus we assume the solution φˆ(x) to be of the
form
φˆ(x) = φ0(x) + aαφ1(x) + a
2βφ2(x), (3.2)
where the dimensions of α and β are 1
L
and 1
L2
respectively. Substituting Eq.(3.2) in Eq.(3.1), we get
three equations, (
∂2i − ∂
2
0 +
λ
L
δ(x) +
λ′
L
δ(x − L)
)
φ0(x) = 0, (3.3)
(
∂2i − ∂
2
0 +
λ
L
δ(x) +
λ′
L
δ(x − L)
)
φ1(x) = 0, (3.4)
β
(
∂2i − ∂
2
0 +
λ
L
δ(x) +
λ′
L
δ(x − L)
)
φ2(x) +
(∂40
3
+
∂4i
4
−
∂2i ∂
2
0
2
)
φ0(x) = 0 (3.5)
respectively. From these equations we notice that φ1(x) = φ0(x). In the limit λ, λ
′ → 0, we have
φ(0) = φ(L) = 0 and thus get φ0(x) = C(e
ik′x − e−ik
′x) = C(eikx − e−ikx)e−iwt, where C is constant,
k′ is four-vector momentum, wave vector k = nπ
L
,where n is the number of mode in between parallel
plates and w is wave frequency. Using these we solve Eq.(3.5) and this gives φ2(x) =
13
24β a
2k2φ0(x) ,
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where k is wave vector whose dimension is 1
L
.Thus the solution to Euler-Lagrangian equation, valid up
to second order in a is,
φˆ(x) = (1 + aα+ a2
13
24
k2)φ0(x). (3.6)
Note that the above solution has correction terms due to non-commutativity, valid upto order a2.
Since the Casimir force is calculated using Green’s’s function, first we obtain the Green’s’s function
from the relation
G(x, x′) = i < T
(
φ(x)φ(x′)
)
> . (3.7)
The Fourier transform of Green’s’s function is expressed as,
G(x, x′) =
∫
dw
2π
e−iw(t−t
′)g(x, x′, w). (3.8)
and the reduced Green’s’s function, g(x, x′, w) obeys the equation,( ∂2
∂x2
−
∂2
∂t2
+
λ
L
δ(x) +
λ′
L
δ(x− L)
)
g(x, x′, w) = −δ(x− x′). (3.9)
Using k2 = −w2, above equation becomes
−
( ∂2
∂x2
+ k2 +
λ
L
δ(x) +
λ′
L
δ(x − L)
)
g(x, x′, k) = δ(x− x′) (3.10)
Now we find the solution for reduced Green’s’s function in different regions. Thus the reduced Green’s’s
function in the three regions of interest are [26]
g(x, x′) =
1
2k
e−k|x−x
′| +
1
2k∆
λλ′
(2kL)2
2cosh(k|x− x′|)−
1
2k∆
λ
2kL
(
1 +
λ′
2kL
)
e2kLe−k(x+x
′)
−
1
2k∆
λ′
2kL
(
1 +
λ
2kL
)
ek(x+x
′); where, 0 < x, x′ < L (3.11)
g(x, x′) =
1
2k
e−k|x−x
′| +
1
2k∆
e−k(x+x
′−2L)
(
−
λ
2kL
(
1−
λ′
2kL
)
−
λ′
2kL
(
1 +
λ
2kL
)
e2kL
)
; where, L < x, x′
(3.12)
g(x, x′) =
1
2k
e−k|x−x
′| +
1
2k∆
ek(x+x
′)
(
−
λ′
2kL
(
1−
λ
2kL
)
−
λ
2kL
(
1 +
λ′
2kL
)
e2kL
)
; where, x, x′ < 0
(3.13)
where
∆ =
(
1 +
λ
2kL
)(
1 +
λ′
2kL
)
e2kL −
λλ′
(2kL)2
. (3.14)
For a real scalar field in the commutative regime, vacuum expectation value of the stress tensor is
calculated from Green’s’s function. Using this the Casmir energy is determined.
For free scalar field theory the stress tensor is given as,
T µλ = ∂µφ(x)∂′λφ(x′)−
1
2
ηµλ∂αφ(x)∂
′αφ(x′) (3.15)
which is written using time ordered product as
T µνx,x′ =
1
2
(
∂µ∂′ν + ∂ν∂′µ − ηµν∂λ∂′λ
)
T (φ(x), φ(x′)). (3.16)
Thus the vacuum expectation value of T µλ is
< T µλ >=
1
2
(
∂µ∂′λ + ∂λ∂′µ − ηµλ∂α∂′α
)
< T (φ(x), φ(x′)) > (3.17)
=
1
2
(
∂µ∂′λ + ∂λ∂′µ − ηµλ∂α∂′α
)1
i
G(x, x′) (3.18)
Generalising this approach, we evaluate the vacuum expectation value for κ-deformed energy momentum
tensor. For this we first derive expression of Energy Momentum tensor Tˆαµ in the κ-deformed space-
time.
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3.1 Modified Energy Momentum tensor
In this subsection we evaluate the deformed stress tensor from the Lagrangian describing the κ-deformed
scalar field using the higher derivative formalism.
From higher derivative theory, the expression for the stress tensor is given (see appendix) as[41]
Tˆαµ =
( ∂L
∂(∂αφ)
− ∂β
∂L
∂(∂α∂βφ)
+ ∂β∂γ
∂L
∂(∂α∂β∂γφ)
)
∂µφ+
( ∂L
∂(∂α∂βφ)
− ∂γ
∂L
∂(∂α∂β∂γφ)
)
∂β∂
µφ
+
( ∂L
∂(∂α∂β∂γφ)
)
∂β∂γ∂
µφ− ηαµL. (3.19)
Using this, we calculate the stress tensor for the Lagrangian given in Eq.(2.10). Consider the first term
in the RHS of above equation, which we calculate explicitly as
∂L
∂(∂αφ)
= δα0
∂L
∂(∂0φ)
+ δαi
∂L
∂(∂iφ)
= ∂αφ+
a2
6
δα0 ∂0∂0∂0φ−
a2
8
δαi ∂i∂0∂0φ. (3.20)
Next we calculate the second term in the RHS, i.e
∂β
∂L
∂(∂α∂βφ)
= δα0 ∂0
∂L
∂(∂0∂0φ)
+ δαi ∂0
∂L
∂(∂i∂0φ)
+ δα0 ∂i
∂L
∂(∂0∂iφ)
+ δαi ∂j
∂L
∂(∂i∂jφ)
=
a2
4
δαi ∂0∂i∂0φ+
a2
4
δα0 ∂j∂j∂0φ−
a2
4
δαi ∂i∂
j∂jφ. (3.21)
The third term is given by
∂β∂γ
∂L
∂(∂α∂β∂γφ)
= δα0 ∂0∂0
∂L
∂(∂0∂0∂0φ)
+ δαi ∂0∂0
∂L
∂(∂i∂0∂0φ)
+ δα0 ∂i∂0
∂L
∂(∂0∂i∂0φ)
+ δαi ∂j∂0
∂L
∂(∂i∂j∂0φ)
+δα0 ∂0∂i
∂L
∂(∂0∂0∂iφ)
+ δαi ∂0∂j
∂L
∂(∂i∂0∂jφ)
+ δα0 ∂i∂j
∂L
∂(∂0∂i∂jφ)
+ δαi ∂j∂k
∂L
∂(∂i∂j∂kφ)
=
a2
6
δα0 ∂0∂0∂0φ−
a2
8
δαi ∂0∂0∂iφ−
a2
4
δα0 ∂0∂i∂iφ. (3.22)
Now adding up these we get the terms in first bracket as
(
∂αφ + a
2
3 δ
α
0 ∂0∂0∂0φ −
a2
2 δ
α
i ∂i∂i∂0φ −
a2
2 δ
α
0 ∂i∂i∂0φ +
a2
4 δ
α
i ∂i∂
j∂jφ
)
∂µφ. Similarly, we calculate the remaining terms and deformed stress
tensor is found to be
Tˆαµ = ∂αφ∂µφ+
a2
3
δα0 ∂0∂0∂0φ∂
µφ−
a2
2
δαi ∂0∂0∂iφ∂
µφ−
a2
2
δα0 ∂i∂0∂iφ∂
µφ+
a2
4
δαi ∂j∂i∂jφ∂
µφ
+
3a2
8
δαi ∂i∂0φ∂0∂
µφ+
3a2
8
δα0 ∂0∂iφ∂i∂µφ−
a2
4
δαi ∂i∂jφ∂j∂
µφ−
a2
6
δα0 ∂0∂0φ∂0∂
µφ+
a2
8
δα0 ∂i∂iφ∂0∂
µφ
+
a2
6
δα0 ∂0φ∂0∂0∂
µφ−
a2
8
δαi ∂iφ∂0∂0∂
µφ−
a2
8
δα0 ∂iφ∂0∂i∂
µφ−
a2
8
δα0 ∂iφ∂i∂0∂
µφ− ηαµL. (3.23)
In the lim a → 0, we recover the commutative stress tensor for the real scalar field. Note that, unlike
the commutative case, here the κ-deformed stress tensor is not symmetric. Thus we see that a stress
tensor which is symmetric in the commutative space-time need not be symmetric in non-commutative
space-time. Next we symmetrise the energy momentum tensor, and then re-express the deformed
energy-momentum tensor as
Tˆαµx,x′ = (A+B + C +D)φ(x)φ(x
′), (3.24)
where
A =
1
2
(
(∂α∂′µ + ∂µ∂′α)− ηαµ
(
∂m∂
′
m − ∂0∂
′
0 −
λ
L
δ(0) −
λ′
L
δ(x− L)
))
, (3.25)
B =
a2
2
(
1
3
δα0 ∂0∂0∂0∂
′µ −
1
2
δαi ∂0∂0∂i∂
′µ −
1
2
δα0 ∂i∂0∂i∂
′µ +
1
4
δαi ∂i∂i∂i∂
′µ +
1
6
δα0 ∂
′
0∂0∂0∂
µ −
1
8
δαi ∂
′
i∂0∂0∂
µ
−
1
8
δαi ∂
′
i∂i∂0∂
µ −
ηαµ
2
(1
3
∂′0∂0∂0∂0 −
1
4
∂′m∂m∂0∂0
))
, (3.26)
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C =
a2
2
(
3
8
δαi ∂i∂0∂
′
0∂
′µ +
3
8
δαi ∂
′
i∂
′
0∂0∂
µφ(x) +
3
8
δα0 ∂i∂0∂
′
i∂
′µ +
3
8
δα0 ∂
′
i∂
′
0∂i∂
µ −
1
4
δαi ∂i∂i∂
′
i∂
′µ
−
1
4
δαi ∂
′
i∂
′
i∂i∂
µ −
1
6
δα0 ∂0∂0∂
′
0∂
′µ −
1
6
δα0 ∂
′
0∂
′
0∂0∂
µ +
1
8
δα0 ∂i∂i∂
′
0∂
′µ +
1
8
δα0 ∂
′
i∂
′
i∂0∂
µ
−
ηαµ
4
(1
2
∂′m∂
′
m∂m∂m −
1
2
∂m∂0∂
′
m∂
′
0
))
, (3.27)
and
D =
a2
2
(
1
3
δα0 ∂
′
0∂
′
0∂
′
0∂
µ −
1
2
δαi ∂
′
0∂
′
0∂
′
i∂
µ −
1
2
δα0 ∂
′
i∂
′
0∂
′
i∂
µ +
1
4
δαi ∂
′
i∂
′
i∂
′
i∂
µ +
1
6
δα0 ∂0∂
′
0∂
′
0∂
′µ −
1
8
δαi ∂i∂
′
0∂
′
0∂
′µ
−
1
4
δα0 ∂i∂
′
0∂
′
i∂
′µ −
ηαµ
2
(1
3
∂0∂
′
0∂
′
0∂
′
0 −
1
4
∂m∂
′
m∂
′
0∂
′
0
))
, (3.28)
In the above equations we have used ∂µ =
∂
∂xµ
and ∂′µ =
∂
∂x′µ
Note that B,C and D are dependent on a2 and in the commutative limit, they all vanish identically.
We now re-express the Energy-Momentum tensor as,
Tˆαµxx′ = Oˆ
αµ(∂, ∂′)T (φ(x), φ(x′)). (3.29)
where Oˆαµ(∂, ∂′) = (A + B + C + D). Thus the vacuum expectation value of the κ-deformed stress
tensor is
< Tˆ µν >= Oˆµν(∂, ∂′) < T (φ(x), φ(x′)) >= −iOˆµν(∂, ∂′)Ga(x, x
′) (3.30)
Here the subscript a in Ga is to emphasis that this Green’s function has a dependeces.
In order to evaluate the time order product between the scalar fields, we need to evaluate φ(x)φ(x′),
Using Eq.(3.6), we get,
φ(x)φ(x′) =
(
1 + 2aα
)
φ0(x)φ0(x
′) + a2
(
α2φ0(x)φ0(x
′) + β
(
φ0(x)φ2(x
′) + φ2(x)φ0(x
′)
))
=
(
1 + 2aα + a2α2 − a2
13
12
w2
)
φ0(x)φ0(x
′), (3.31)
Note that this product of fields do have terms upto a2 order due to κ-deformation. Using this, the
vacuum expectation value of deformed stress tensor is given as
< Tˆ µν >= −iOˆµν(∂, ∂′)
(
1 + 2aα+ a2α2 − a2
13
12
w2
)
G(x, x′). (3.32)
The Green’s function appearing here is the same as in the commutative case (i.e G(x, x′) = T (φ(x)φ(x′))).
From the above expression, we obtain the vacuum expectation value of xx component of the deformed
stress tensor as
< Tˆ xx > = −i
(
1 + 2aα+ a2α2 − a2
13
12
w2
)(1
2
∂x∂
′
x +
1
2
∂0∂
′
0 −
a2
12
∂0∂
′
0∂
′
0∂
′
0 −
a2
12
∂′0∂0∂0∂0 −
a2
4
∂0∂0∂x∂
′
x
−
a2
4
∂′0∂
′
0∂
′
x∂x +
a2
4
∂0∂x∂
′
x∂
′
0 −
a2
8
∂x∂x∂
′
x∂
′
x +
a2
8
∂x∂x∂x∂
′
x +
a2
8
∂′x∂
′
x∂
′
x∂x
)
G(x, x′), (3.33)
Using the reduced Stress tensor tˆµν defined by
< Tˆ µν >=
∫
dw
2π
tˆµν , (3.34)
we calculate tˆxx and express it in terms of the reduced Green’s’s function. For the calculational simplicity
we denote tˆxx = tˆ
(0)
xx + tˆ
(1)
xx , where tˆ
(0)
xx and tˆ
(1)
xx are given by
tˆ(0)xx =
1
2i
(
1 + 2aα+ a2α2 − a2
13
12
w2
){
w2 + ∂x∂
′
x
}
g(x, x′)
∣∣∣
x=x′
(3.35)
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and
tˆ(1)xx =
1
2i
(
1+2aα+a2α2−a2
13
12
w2
){a2
3
w4+
3a2
2
w2∂x∂
′
x+
a2
4
∂x∂x∂x∂
′
x−
a2
4
∂x∂x∂
′
x∂
′
x+
a2
4
∂x∂
′
x∂
′
x∂
′
x
}
g(x, x′)
∣∣∣
x=x′
,
(3.36)
respectively. Note that correction due to non-commutativity in tˆ
(0)
xx comes due to the corrections ap-
pearing in the product of fields φ(x)φ(x′), (see Eq.(3.31).The correction in tˆ
(1)
xx in Eq.(3.36) due to the
a dependent terms in Energy Momentum tensor(see Eq.(3.23)).
3.2 κ-Deformed Casimir Force and Energy
Now we substitute the expression for reduced Green’s’s function from Eq.(3.11) into Eq.(3.35) and after
simplifying, we get
tˆ(0)xx =
1
2i
{
− k +
1
2k∆
2λλ′
(2kL)2
2w2
}(
1 + 2aα+ a2α2 − a2
13
12
w2
)
. (3.37)
Using Eq.(3.14), we get the xx component of deformed stress tensor just to the left of the point x = L,
valid upto a2 term as
tˆ(0)xx
∣∣∣
x=L−
= −
k
2i
(
1 +
2(
2kL
λ
+ 1
)(
2kL
λ′
+ 1
)
e2kL − 1
)(
1 + 2aα+ a2α2 − a2
13
12
w2
)
. (3.38)
Similarly we substitute Eq.(3.12) in Eq.(3.35) and after simplifying using Eq.(3.14) we find the xx
component of the deformed stress tensor, just to the right of the point at x = L, valid upto a2 term as
tˆ(0)xx
∣∣∣
x=L+
= −
k
2i
(
1 + 2aα+ a2α2 − a2
13
12
w2
)
. (3.39)
We adopt the same procedure to calculate tˆ
(1)
xx . First we substitute the expression for reduced Green’s’s
function from Eq.(3.11) in Eq.(3.36) and after simplification, we get
tˆ(1)xx =
a2k4
2i
{
1
3
−
9
4
(
1
2k
−
1
2k∆
2λλ′
(2kL)2
)
−
7
4
1
2k∆
λ′
2kL
(
1 +
λ
2kL
)
e2kx
−
7
4
1
2k∆
λ
2kL
(
1 +
λ′
2kL
)
e−2k(x−L)
}(
1 + 2aα+ a2α2 − a2
13
12
w2
)
(3.40)
Thus the xx component of the deformed stress tensor, just to the left of the point x = L, valid upto a2
term is
tˆ(1)xx
∣∣∣
x=L−
=
a2k4
2i
{
1
3
−
9
4
(
1
2k
−
1
2k∆
2λλ′
(2kL)2
)
−
7
4
1
2k∆
λ′
2kL
(
1+
λ
2kL
)
e2kL−
7
4
1
2k∆
λ
2kL
(
1+
λ′
2kL
)}
(3.41)
Next we substitute the expression for reduced Green’s’s function given in Eq.(3.12) in Eq.(3.36) and
after simplification, we arrive at
tˆ(1)xx =
a2k4
2i
{
1
3
−
9
4
1
2k
−
7
4
1
2k∆
(
λ
2kL
(
1−
λ′
2kL
)
+
λ′
2kL
(
1+
λ
2kL
)
e2kL
)
e−2k(x−L)
}(
1+2aα+a2α2−a2
13
12
w2
)
(3.42)
Using this, the xx component of the deformed stress tensor, just to the right of the point x = L, valid
upto a2 term is
tˆ(1)xx
∣∣∣
x=L+
=
a2k4
2i
{
1
3
−
9
4
1
2k
−
7
4
1
2k∆
(
λ
2kL
(
1 −
λ′
2kL
)
+
λ′
2kL
(
1 +
λ
2kL
)
e2kL
)}
(3.43)
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The κ-deformed Casimir force acting on the point x = L due to the quantum fluctuations in the
deformed scalar field is given by
Fˆ = < Tˆ xx >
∣∣∣∣
x=L−
− < Tˆ xx >
∣∣∣∣
x=L+
=
∫
dw
2π
(
tˆ(0)xx
∣∣∣
x=L−
− tˆ(0)xx
∣∣∣
x=L+
+ tˆ(1)xx
∣∣∣
x=L−
− tˆ(1)xx
∣∣∣
x=L+
)
= Fˆ (0) + Fˆ (1). (3.44)
Where
Fˆ (0) =
(
1 + 2aα+ a2α2
) ∫ dw
2π
ik(
2kL
λ
+ 1
)(
2kL
λ′
+ 1
)
e2kL − 1
− a2
13
12
∫
dw
2π
w2
ik(
2kL
λ
+ 1
)(
2kL
λ′
+ 1
)
e2kL − 1
=
(
1 + 2aα+ a2α2
) ∫ dk
2π
k(
2kL
λ
+ 1
)(
2kL
λ′
+ 1
)
e2kL − 1
− a2
13
12
∫
dk
2π
k3(
2kL
λ
+ 1
)(
2kL
λ′
+ 1
)
e2kL − 1
=−
(
1 + 2aα+ a2α2
) 1
4πL2
∫ ∞
0
dy
y(
y
λ
+ 1
)(
y
λ′
+ 1
)
ey − 1
− a2
13
384πL4
∫ ∞
0
dy
y3(
y
λ
+ 1
)(
y
λ′
+ 1
)
ey − 1
(3.45)
and
Fˆ (1) =
∫
dw
2π
a2k4
2i
λλ′
2k∆(2kL)2
=
∫
dw
2π
a2k3
4i
1(
2kL
λ
+ 1
)(
2kL
λ′
+ 1
)
e2kL − 1
=
a2
128πL4
∫ ∞
0
dy
y3(
y
λ
+ 1
)(
y
λ′
+ 1
)
ey − 1
. (3.46)
Thus the deformed Casimir force is obtained by adding Fˆ (0) and Fˆ (1) as
Fˆλ,λ′→∞ = −
(
1 + 2aα+ a2α2
) π
24L2
− a2
7π3
11520L4
. (3.47)
Hence the deformed Casimir energy is obtained as
Eˆλ,λ′→∞ = −
∫ ∞
0
dxFˆλ,λ′→∞ = −
(
1 + 2aα+ a2α2
) π
24L
− a2
7π3
34560L3
. (3.48)
In 3+1 dimension, we evaluate the deformed Casimir pressure between δ function planes lying at x = 0
and x = L in three spatial dimensions. Here the Green’s’s function become
G(x, x′) =
∫
dw
2π
eiw(t−t
′)
∫
d3k
(2π)3
ei
~k·(~r−~r′)g(x, x′; k′), (3.49)
where k′2 = k2 − w2. Then g(x, x′, k′) has the same form as in Eq.(3.11),Eq.(3.12) and Eq.(3.13),
respectively. So that the deformed Casimir pressure, Pˆ = Fˆ
A
is given as
Pˆ = −
(
1 + 2aα+ a2α2
) ∫ dw
2π2
−ik3(
2kL
λ
+ 1
)(
2kL
λ′
+ 1
)
e2kL − 1
− a2
7
24
∫
dw
2π2
−ik5(
2kL
λ
+ 1
)(
2kL
λ′
+ 1
)
e2kL − 1
= −
(
1 + 2aα+ a2α2
) 1
32π2L4
∫ ∞
0
dy
y3(
y
λ
+ 1
)(
y
λ′
+ 1
)
ey − 1
− a2
7
3072π2L6
∫ ∞
0
dy
y5(
y
λ
+ 1
)(
y
λ′
+ 1
)
ey − 1
= −
(
1 + 2aα+ a2α2
) π2
480L4
− a2
7
3072π2L6
5!ζ(6) (3.50)
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and Casimir Energy,
Eˆ = −
(
1 + 2aα+ a2α2
) π2
120L3
− a2
7
512π2L5
5!ζ(6). (3.51)
where A is surface area on the plate and ζ(n) is zeta function for n = 6.
Note that in 1 + 1 dimension, for deformed Casimir Force, the κ-deformed correction terms scale as
1
L2
and 1
L4
(see Eq.(3.47)). Here corrections with 1
L2
terms are coming due to correction in φ(x)φ(x′)
(see Eq.(3.31)).Modification with 1
L4
terms appearing due to corrections in product of fields φ(x)φ(x′)
(see Eq.(3.31)) and due to correction in Energy-Momentum tensor due to κ-deformed correction (see
Eq.(3.23)). In 3 + 1 dimensions, due to κ-deformation, Casimir force comes with terms, which has
dependency of 1
L4
and 1
L6
(see Eq.(3.50)). Here corrections in 1
L4
related terms, are only because of
corrections in product of fields φ(x)φ(x′) (see Eq.(3.31)) and correction in 1
L6
terms are due to correction
in Energy-Momentum tensors, due κ-deformation (see Eq.(3.23)).
3.3 Bound on κ-Deformation parameter a
In [27], the Casimir force gradient is measured to be 8 × 10−4N/m2 with an error less than 1%, for
parallel plates separated by a distance (L) of 10µm. Using the expression for deformed Casimir force
given in Eq.(3.50) for 3 + 1 dimensions and by setting the numercial value of α to unity, we find the
bound on the deformation parameter to be a < 10−23m.
4 Conclusions
In this work we have studied the vacuum fluctuations in κ-deformed space-time by analysing the Casimir
effect between two parallel plates in 1 + 1 and generalised these results to 3 + 1 dimensions. We have
calculated κ-deformed corrections to Casimir force and energy bewteen two parallel plates. In 1 + 1
dimensions, we have seen that between two parallel plates, in κ-deformed space-time, Casimir force and
Casimir energy both pick up three correction terms. In these three correction terms, one depends on a
and remaining two terms are a2 dependent. The a dependent correction term varies as 1
L2
in Casimir
force and scale as 1
L
in Casimir energy. Similarly one of the a2 dependent correction term in deformed
Casimir force varies as 1
L2
and other a2 dependent term which scale as 1
L4
. This second term is due
to correction introduced by κ-deformed energy momentum tensor. These former terms are due to the
correction introduced by the product of fields in κ-space-time (see Eq.(3.31)). Modified a2 dependent
terms of Casimir energy varies as 1
L
and 1
L3
. In 3 + 1 dimensions, we have evaluated deformed Casimir
force, which has correction terms that scale as 1
L4
and 1
L6
. Unlike [32] here the corrections to the Casimir
energy scales in two ways, i.e, as L−3 and L−5 respectively. All the correction term appearing in the
Casimir force are attractive in nature. Note that we have obtained the corrections to Casimir energy
that scale as L−5 in addition to terms that scale as L−3. This should be contrasted with the result of
[37], where the correction was scaling as L−3, only.
In commutative case, to calculate Casimir force, Drichlet boundary condition has been applied.
As defining boundary condition in Non-commutative space-time is not trivial, here we started with κ-
deformed Klein-Gordon Lagrangian, (which is invariant under action of undeformed κ-Poincare algebra)
which is expressed in terms of fields defined in commutative space-time. This allowed us to use same
calculational tools with same boundary condition as commutative case. Comparing correction terms
with experimental results in 3+1 dimension, we have calculated upper bound on deformation parameter
a as 10−23 m.
Casimir effect due to electromagnetic field was studied and this field was handled using its equiv-
alance to two scalar modes. In this studies, Drichlet boundary condition was imposed on one mode
and for other mode Neuman boundary condition was imposed, which was introduced by hand and did
not come out directly from Lagrangian. But in [42], the boundary conditions were derived and this
method was developed to deal electromagnetic field without considering individual modes, separately.
Generalising this approach to non-commutative space-time is in progress.
11
Appendix
We consider a higher order derivative field theory such that its Lagrangian possess the derivative terms
of upto fourth order. i.e, L(φ, ∂µφ, ∂µ∂νφ, ∂µ∂ν∂λφ). Now we vary the action for an infinitesimal change
in the space-time coordinate given as x′µ = xµ + ǫδxµ
δS =
∫
d4x′L′(φ′, ∂µφ
′, ∂µ∂νφ
′, ∂µ∂ν∂λφ
′)−
∫
d4xL(φ, ∂µφ, ∂µ∂νφ, ∂µ∂ν∂λφ)
=
∫
d4xδL+ ǫ
∫
dx4(∂µδx
µ)L
=
∫
d4x
[
∂L
∂φ
− ∂µ
∂L
∂(∂µφ)
+ ∂µ∂ν
∂L
∂(∂µ∂νφ)
− ∂µ∂ν∂λ
∂L
∂(∂µ∂ν∂λφ)
]
δφ
+
∫
d4x∂µ
[
ǫLδxµ +
{
∂L
∂(∂µφ)
− ∂ν
∂L
∂(∂µ∂νφ)
+ ∂ν∂λ
∂L
∂(∂µ∂ν∂λφ)
}
δφ
+
{
∂L
∂(∂µ∂νφ)
− ∂λ
∂L
∂(∂µ∂ν∂λφ)
}
δ(∂νφ) +
{
∂L
∂(∂µ∂ν∂λφ)
}
δ(∂ν∂λφ)
The terms in the first square bracket vanishes as it represents the Euler-Lagrange equation for the fourth
order derivatve field and using the relation δφ = ∆φ− δxµ∂µφ we reduce the above equation to
δS =
∫
dσµ
[{
∂L
∂(∂µφ)
− ∂ν
∂L
∂(∂µ∂νφ)
+ ∂ν∂λ
∂L
∂(∂µ∂ν∂λφ)
}
∆φ
+
{
∂L
∂(∂µ∂νφ)
− ∂λ
∂L
∂(∂µ∂ν∂λφ)
}
∆(∂νφ) +
{
∂L
∂(∂µ∂ν∂λφ)
}
∆(∂ν∂λφ)
− ǫ
[{
∂L
∂(∂µφ)
− ∂ν
∂L
∂(∂µ∂νφ)
+ ∂ν∂λ
∂L
∂(∂µ∂ν∂λφ)
}
∂αφ
+
{
∂L
∂(∂µ∂νφ)
− ∂λ
∂L
∂(∂µ∂ν∂λφ)
}
∂ν∂
αφ+
{
∂L
∂(∂µ∂ν∂λφ)
}
∂ν∂λ∂
αφ− ηµαL
]
δxα
]
Hence the stress tensor for a fourth order derivative field theory is obtained to be
T µα =
{
∂L
∂(∂µφ)
− ∂ν
∂L
∂(∂µ∂νφ)
+ ∂ν∂λ
∂L
∂(∂µ∂ν∂λφ)
}
∂αφ
+
{
∂L
∂(∂µ∂νφ)
− ∂λ
∂L
∂(∂µ∂ν∂λφ)
}
∂ν∂
αφ+
{
∂L
∂(∂µ∂ν∂λφ)
}
∂ν∂λ∂
αφ− ηµαL
Acknowledgments
We thank K V Shajesh for useful discussions and suggestions. Two of us (EH and SKP) thank SERB,
Govt. of India, for support through EMR/2015/000622. VR thanks Govt. of India, for support through
DST-INSPIRE/IF170622.
References
[1] N. Seiberg and E. Witten, JHEP, 9909 (1999) 032.
[2] J. Kowalski-Glikman, Lect. Notes. Phys. 669 (2005) 131.
[3] S. Doplicher, K. Fredenhagen, and J. E. Roberts, Phys. Lett. B 331 (1994) 39.
[4] J. Ambjorn, J. Jurkiewicz, and R. Loll, Phys. Rev. Lett. 93 (2004) 131301.
[5] J. Madore, Class. Quantum Grav. 9 (1992) 69.
12
[6] A. P. Balachandran, S. Kurkcuoglu and S. Vaidya, Lectures on Fuzzy and Fuzzy SUSY Physics,
(World Scientific Publishing Co. Pvt. Ltd., Singapore, 2007).
[7] A. Connes, Non-Commutative Geometry (Academic Press, London, 1994).
[8] R. J. Szabo, Phys. Rep. 378 (2003) 207; M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73
(2001) 977.
[9] J. Lukierski, H. Ruegg and W. J. Zakrzewski, Ann. Phys. 243 (1995) 90.
[10] J. Kowalski-Gilkman, Introduction to Doubly Special Relativity (Springer, 2005); J. Kowalski-
Gilkman, Lect. notes. Phys. 669 (2005) 131.
[11] S. Majid and H. Ruegg, Phys. Lett. B 334 (1994) 348.
[12] M. Chaichian, S. Sheikh-Jabbari and A. Tureanu, Eur. Phys. J. C 36 (2004) 251.
[13] S. Das and E. C. Vagenas, Phys. Rev. Lett. 101 (2008) 221301.
[14] P. A. Bolokhov and M. Pospelov, Phys. Lett. B 677 (2009) 160.
[15] A. Borowiec, K. S. Gupta, S. Meljanac and A. Pachol, Eur. Phys. Lett. 92 (2010) 20006.
[16] E. Harikumar, M. Sivakumar and N. Srinivas, Mod. Phys. Lett. A 26 (2011) 1103.
[17] E. Harikumar and A. K. Kapoor, Mod. Phys. Lett. A 25 (2010) 2991.
[18] E. Harikumar, A. K. Kapoor and Ravikant Verma, Phys. Rev. D 86 (2012) 045022.
[19] E. Harikumar and Zuhair. N. S, J. Phys. Commun. 2 (2018) 035016.
[20] K. S. Gupta, E. Harikumar, T. Juric, S. Meljanac and A. Samsarov, JHEP 9 (2015) 25.
[21] S. Bhanu Kiran, E. Harikumar and Vishnu Rajagopal, Mod. Phys. Lett. A 34 (2019) 1950116.
[22] M. Chaichian, P. Kulish, K. Nishijima and A. Tureanu, Phys. Lett. B 604, 98 (2004).
[23] P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meye, P. Schupp and J. Wess, Class. Quantum Grav.
22 (2005) 3511; P. Aschieri, M. Dimitrijevic, F. Meyer and J. Wess, J. Class. Quantum Grav. 23
(2006) 1883.
[24] J. Lukierski, A. Nowicki, H. Ruegg and V. Tolstoy, Phys. Lett. B 264 (1991) 331; J. Lukierski, A.
Nowicki and H. Ruegg, Phys. Lett. B 293 (1991) 344.
[25] D. Kovacevic and S. Meljanac, J. Phys. A: Math. Theor. 45 (2012) 135208.
[26] K. A. Milton, The Casimir Effect Physical manifestations of Zero-Point Energy, World Scientific,
Singapore, 2001); G. Plunien, B. Muller and W. Greiner, Phys. Rep.134 (1986), 87.
[27] U. Mohideen and A. Roy, Phys. Rev. Lett. 81 (1998), 4549; V. M. Mostepanenko, J. Phys: Conf.
Ser. 161 (2009) 012003 and reference therein; R. Sedmik and P. Brax, J. Phys: Conf. Ser. (2018)
113802014.
[28] G. L. Klimchitskaya, U. Mohideen and V. M. Mostepanenko, Phys. Rev. D 87 (2013) 125031.
[29] Kh Nouicer, J. Phys. A 38(Math&Gen)(2005) 10027.
[30] A. Kempf, J. Math. Phys. 35 (1994) 4483; A. Kempf, G. Mangano and R. B. Mann, Phys. Rev. D
52 (91995) 1108.
[31] O. Panella, Phys. Rev. D 76 (2007) 045012.
13
[32] A. M. Frassino and O. Panella, Phys. Rev. D 85 (2012) 045030.
[33] S. Bachmann and A. Kempf, J. Phys. A 41(Math&Gen)(2008) 164021.
[34] R. Casadio, A. Gruppuso, B. Harms and O. Micu, Phys. Rev. D 76 (2007) 025016.
[35] C. D. Fosco and G. A. Moreno, Phys. Lett. B 659 (2008) 901.
[36] A. Smailagic and E. Spallucci, J. Phys. A 37 (2004) 1.
[37] M. V. Cougo-Pinto, C. Farina and J. F. M. Mendes, Nucl. Phys. B 127 (2004) 138.
[38] M. Bordag, D. Hennig, and D. Robaschik, J. Phys. A 25 (1992) 4483; M. Bordag, K. Kirsten, and
D. Vassilevich, Phys. Rev. D 59 (1999) 085011.
[39] S. Meljanac and M. Stojic, Eur. Phys. J. C 47 (2006) 531.
[40] K. A. Milton, J. Phys. A: Math. and Gen. 37 (2004) R209.
[41] C. G. Bollini and J. J. Giambiagi, Revista Brasileria de Fisica 17 (1987) 1.
[42] P. Parashar, K. A. Milton, K. V. Shajesh and M. Schaden, Phys. Rev. D 86 (2012) 085021.
14
